An original approach to solve 2D time harmonic diffraction problems involving locally perturbed gratings is proposed. The propagation medium is composed of a periodically stratified half-space and a homogeneous half-space containing a bounded obstacle. Using Fourier and Floquet transforms and integral representations, the diffraction problem is formulated as a coupled problem of Fredholm type with two unknowns: the trace of the diffracted field on the interface separating the two half-spaces on one hand, and the restriction of the diffracted field to a bounded domain surrounding the obstacle, on the other hand.
Introduction
Diffraction gratings have known in the last decade a significant growth of interest. This phenomenon can be explained on one hand by the number of fields of application concerned by periodic structures (integrated optics, micro-electronics, coatings, etc.) , and, on the other hand, by the technological progress achieved (especially by semiconductor industry) to realize small optical devices with complicated physical features. For an introduction to the electromagnetic theory of gratings, see the collection of articles in [14] . Besides the large number of papers from the engineering community, theoretical approaches and numerical methods have been proposed to formulate and simulate direct and inverse problems in gratings (see [9] and the references therein). In particular, variational (cf. [1, 2, 6] ) and integral (cf. [13] ) methods have been proposed. Some specific problems related to gratings have also been studied: non uniqueness for diffractive gratings in [3] , singularities analysis for conical problems in [8] .
Nevertheless, the problem that is usually studied in the literature concerns the diffraction of an incident plane wave by a perfect grating (i.e., a perfectly periodic struc-ture). The diffracted field is then known to be quasi-periodic, and this property naturally leads to a formulation of the problem in one elementary cell of the grating. This new problem can then be treated, for instance, using a variational approach or an integral method. In this paper, our concern is to answer the following question: what happens if the grating is not anymore perfect (for instance if it contains a bounded obstacle), or if the incident field is not a plane wave? In both cases, we loose the quasi-periodicity property of the diffracted field and the problem can not anymore be set in one cell of the grating. In fact, no general answer to this question is known in the literature, and even setting the problem is an open question (especially concerning the radiation condition). Let us emphasize here that "locally perturbed gratings" are of great interest for the applications, since they can model the defaults present in a grating. In some cases, the periodicity of the grating can even be perturbed on purpose to realize structures which are able to trap specific modes (one can, for instance, think of removing the conductor in one cell of a conductors grating).
In this paper, we present an original method to derive a rigorous formulation of the diffraction problem for some perturbed gratings. Furthermore, the formulation obtained is variational and thus naturally leads to a numerical approximation of the diffracted field by a Galerkin method. The approach we propose has been introduced for the first time in [4] to solve problems of (open or closed) 2D wave-guides junctions.
Before giving the main ideas of this approach, let us precise the kind of geometries we will deal with in this paper. We consider a 2D grating located in a half space, periodic in one direction, say y, and invariant in the other one, say x. The other half-space is asssumed to be an homogeneous medium containing a bounded obstacle. Figure 1 gives an example of such structures (the grating is constituted of a stratified medium in the vertical direction y). When illuminated by a plane wave, the total field at any point of the space can be decomposed into two parts: a quasi-periodic one (corresponding to the sum of the incident plane wave and the field associated to its diffraction by the grating without obstacle) and a non quasi periodic part ϕ due to the presence of the obstacle. Our aim is to determine this contribution ϕ, which can be seen as the field diffracted by the obstacle when illuminated by the quasi-periodic part.
To achieve this, the method we propose is based on the following observation: if the trace u of the diffracted field ϕ on the fictitious interface (see figure 1) separating the "elementary" media (the grating and the homogeneous medium) is known, then ϕ can be easily recovered in each medium. Indeed, we will show that the diffracted field can be explicitely derived in terms of its trace u on using suitable functional transforms in each medium (Fourier transform for the homogeneous medium and Floquet transform for the periodic one). Solving the complete diffraction problem amounts then to determine this unknown trace u on , and this is simply done by matching the normal derivatives of the representations obtained for the diffracted field on both sides of .
The outline of the paper is the following: in section 2, we introduce the notations for the geometry and set the diffraction problem. In section 3, we present Floquet transform and then formally derive a representation of the diffracted field in terms of its trace on . In section 4, we deal with the homegeneous medium containing the obstacle and
